ON THE STRUCTURE OF ALGEBRAIC ALGEBRAS
AND RELATED RINGS

BY
JAKOB LEVITZKI

1. Introduction. The systematic study of algebraic algebras has been
initiated by N. Jacobson [6](}), who applied to this class of rings his general
structure theory [5]. Further results were obtained by I. Kaplansky [9; 10]
with the help of topological methods. He also deals, more generally, with
m-regular(?) rings. In the present paper additional information concerning
the structure of algebraic algebras is derived, and the theory is extended to
the wider class of I-rimgs, that is, rings with nonzero idempotents in every
non-nil right ideal.

Our starting point is the observation that if a semi-simple /-ring contains
a nilpotent element a of index m, then the ideal generated by a contains a
system of m? matrix units. One of the consequences is then the following
result: If S is a semi-simple I;-ring (i.e., an I-ring with bounded index), then
S is weakly reducible, that is, every nonzero ideal contains an ideal which is
isomorphic with a total matrix ring of finite degree over an I-ring that does
not contain nonzero nilpotent elements. The degrees of these “matrix ideals”
are bounded, and their maximum is equal to the maximum of the indices of
the nilpotent elements of S. By combining the theorem on matrix units with
an argument due to Kaplansky (Lemma 3.2) that was used by him in his cate-
gory theorems [10, Theorems 5.1 and 10.2] we show that also semi-simple
I,-rings (that is, I-rings with bounded index modulo each primitive ideal)
are weakly reducible. In particular, for an I3-ring (i.e., an I-ring with some
polynomial identity modulo every primitive ideal) it follows that every non-
zero ideal contains a matrix ideal satisfying a polynomial identity.

Further results are obtained for the so-called “faithful I-rings,” that is,
rings whose homomorphic images are I-rings. Generalizing a lemma due to
Jacobson [6] concerning algebraic algebras, we show that any homomorphic
image S’ of a faithful I-ring S with bounded index has also bounded index
that does not exceed theindex of S. For faithful semi-simple I;-, I,-, and I3-rings
it is shown that there exists a finite or a transfinite ascending chain of ideals
{A,} with homogeneous p-regular difference rings 4,41 —A4,. Thus, as in the
p-regular case that was considered by Kaplansky, a certain reduction is
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(1) Numbers in brackets refer to the bibliography at the end of the paper.

(?) A ring S is w-regular if for any a& S there is some b&.S and some integer # (depending
on a) such that ab-a»=a" (compare [14]).

384



THE STRUCTURE OF ALGEBRAIC ALGEBRAS 385

effected to strongly regular rings(®). Incidentally, a strongly regular ring can
be characterized as a faithful I-ring without nonzero nilpotent elements. We
note also that for faithful I-rings any I -ring is an I,-ring whose primitive
images have a common upper bound for their indices.

Apart from the greater generality(*) which is achieved by dealing with
faithful I-rings rather than with w-regular rings, we have here also the ad-
vantage that the structural theorems concerning the ascending chains men-
tioned above have their converses. Thus, e.g., any semi-simple ring possessing
an ascending chain 4, with homogeneous difference rings 4,,1— 4, is a faith-
ful I.-ring.

The last two sections are devoted to the problem of the local finiteness of
algebraic algebras. It is shown that any algebra S possesses a maximal, locally
finite ideal K(S), called the locally finite kernel of S. This ideal contains also
all one-sided locally finite ideals of S, and K[S—K(S)]=0. This notion,
which seems to be of independent interest, combined with some of the struc-
tural results of the previous sections, leads to simplified, purely algebraic
proofs of Kaplansky's theorems concerning the local finiteness of algebraic
algebras.

LIST OF NOTATIONS AND ABBREVIATIONS

I-ring =ring with nonzero idempotents in every non-nil right ideal.
Plain ring = I-ring without nonzero nilpotent elements.
Matrix ideal =ideal with unit, isomorphic with a total matrix ring of finite
degree over a plain ring.
Index of S =4(S) =maximum of the indices of the nilpotent elements in S.
I;-ring = I-ring with finite index.
I-ring = I-ring with finite index modulo every primitive ideal.
I-ring=I-ring with a polynomial identity modulo every primitive
ideal.
WR-ring =weakly reducible ring (see Definition 3.1).
E-ring =elementary ring (see Definition 4.1).
PE-ring = pseudo elementary ring (see Definition 4.2).
PE-chain = pseudo elementary chain (see Definition 4.3).
FI-ring =faithful I-ring (i.e., any homomorphic image is an I-ring).
Strong PE-ring, strong PE-chain (see Definition 5.1).
FWR-ring =faithful weakly reducible ring (see Definition 5.2).
The locally finite kernel (see Definition 6.1).
2. Systems of matrix units. In the present section we consider a general
I-ring, i.e., a ring with nonzero idempotents in every non-nil right ideal.
An I-ring without nonzero nilpotent elements is called plain. The radical of

(3) A ring is strongly regular if for any a there is some b so that a =a?.

(*) I am indebted to the referee for the remark that by a method similar to that used by
I. Kaplansky in his paper on Regular Banach algebras (Ind. Math. Soc. vol. 22 (1948) pp. 57—
62) it can be deduced that a Murray-von Neumann factor of type I1; is a non-w-regular I-ring.



386 JAKOB LEVITZKI [May

any ring has no nonzero idempotents [5]; hence the radical of an I-ring is a
nil ideal, and any plain ring is semi-simple. One finds that in an I-ring also
every left ideal L contains a nonzero idempotent, i.e., the definition of an
I-ring is symmetric. Indeed, if ¢ €L, a non nilpotent, then the right ideal
aS contains an idempotent e=ab0. The element ¢’ =bea %0 is then an idem-
potent in L. It follows further that any nonzero right or left ideal in a semi-
simple I-ring contains a nonzero idempotent. One easily obtains:

LEMMA 2.1. Let S be an I-ring and A either an ideal in S or a subring of the
form eSe ,where e is an idempotent. Then A is also an I-ring. If S is semi-simple,
sois A.

LEMMA 2.2. Every idempotent of a plain ring lies in the center(®).

In the following we shall be concerned with systems of matrix units, i.e.,
systems of n? elements e;; which are subject to the following relations:

0 if j=j,
(1) €ijejrk = { e .
e if 7 =7

THEOREM 2.1. Let S be an I-ring and N the radical of S. If a is a nilpotent
element of index n (i.e., a"=0, a"'52£0) and if a* N, then the ideal (a) gen-
erated by a contains a system of n* matrix units.

Proof. By a" 1N we have also a"1STN, i.e., a®! S contains an idem-
potent ey =a""'b, %0, by=bey. As is readily seen, the n—1 elements d{"

=a""ha!, 1=2, - - -, m, are also nonzero idempotents, and clearly dMey,
=0,7=2, - - -, n. Suppose that for >k>1 the element b; has been fixed
such that e;;=a" b, bienn=0bi, and the k2—1 idempotents e;;=a"bia*!,
i=1, - - -, k—1, are orthogonal. By putting d\¥ =a*iba’"!, j=Fk, - - -, n,
we get

et =0, fors=tands, t < k—1,

2) dye; =0, fork<j<nandisk— 1,

d;f)d,(,k) =0, forr <j.
By the first of these relations we obtain
3) a"hravte et = fors #tands, ¢ < k— 1.

Multiplication of (3) by bia*~?! on the left and by a"—'b; on the right yields
brarte—t=1p, =0, or

(4) bra'dy = 0 fori#n—1landizn— k4 1.
Since e;d% =aibiai—la"*brat—1 = ariba+i-*1p,a*1, it follows by (4) that

(%) This holds more generally for any ring without nonzero nilpotent elements (compare [4]).
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(5) ‘ eiidii = 0 for2<is<h-—1
We put ez = d¥ —end® and by = br —a*—1bza™ *b,, then we have by =brien
and by (2), (4), and (5) it follows readily that e;;=a" b0}, 1=1, - - - | &,
and that these k nonzero idempotents are orthogonal. Consequently, together
with the n—#% idempotents d¥tV =a"ibs,iai-1, i=k-+1, - - -, n, they are
subject to relations (2), where k is replaced by k+1. Thus we have shown
by induction that there exists an element b, =05 = be;; such that in accordance
with (2) and (4) we have

€€ =0 for s s« ¢, wherein ¢;; = a* a1, i =1, -, n,

(6) ‘ . .
baib = 0 fore=0and 7 n — 1.

With the aid of these relations one readily verifies that the n? elements
e;x=a""ba*", 7, k=1, - - -, n, constitute a system of matrix units lying in
the ideal (a).

REMARK. Conversely, if an ideal contains the #n? elements of a matrix
system (1), then it also contains nilpotent elements of index %, e.g., the ele-
ment a= ) ') e; i1

LemMA 2.3. If a semi-simple I-ring S contains a system of n® matrix units
eir, 1, k=1, -+ -, n, such that (a) either the ring en Sen is not plain, or (b)
the ring enSeyn is plain but the element e= D *_, e is not in the center,
then there exists a system of (n+1)2 matrix units diw, ¢, k=1, -+ -, n+1,
such that du EeuSeu.

Proof. (a). In this case e11.Sen; contains a nilpotent element of index ¢>1,
and thus by Lemma 2.1 and Theorem 2.1 there exists in €11.5¢;; a system of ¢2
matrix units fu, 7, k=1, - - -, t. Put m =nt, then the system of m? elements
Ay erie—nrn=eafe1r; ¢, r=1,+ - ,m; j, k=1, - - . ¢, satisfies (1), and
the system di, 2, k=1, - - -, n+1, is the required one.

(b). Consider the Peirce decomposition

(7 S=eSOR=S5ed L, eR = Le = 0.

By (7) we have Se=eSe®@Re and eS=eSe@PeL. Since Se>=~eS, either Re>=0
or eL #0. We may assume that Res0, i.e.(®), ReS0. Let ¢* denote a non-
zero idempotent in ReS, and put fo41 »41=€* —e*e; then by e-¢*=0 and e*ReS
#0 we have

2
fn+1 ndl = fn+l 1y eiifn+1 ndl = fn+l n41€ii = 0,
1=1,:-+,n and for1 2415 65 = 0.

For some j we have therefore fni1 n41S-€;:5#0, or 0Cfus1 n15ejin61:5

(%) This is a consequence of semi-simplicity.
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Cfnt1 nprSenS, i.e., far1 w415 en-S#0, which also implies(®) that en
- Sfat1 n+15en#0. Consequently there exists a pair of elements f; .41 and
Sfaer1 such that fi 1€ enSfast nt1, fot1 1€ a1 n1Sen and  fi aqafasr1720.
Since e1Sey; is a semi-simple I-ring, there exists a nonzero idempotent dy,
such that for a suitable a,1E €11.5e1; we have diy=f1 nt1fat1 1011 =0811 f1 ni1 fat11
andn. Now put d; n+1=duf1 ntly Gni1 l=fn+l 1@1dn; then

(8) dindy ntl = d; ntly dn+1 181 = du, d, n+ldn+l 1= du € enSen.

By Lemma 2.2 and (8) we also have dyendy =dn, or diy=dyeieqdy so that

by setting di; =dnew;, da=eady fori=1, - - - | n it follows in view of (8) that
dlidil = dlly dlldli = dliy di]dll = d'ily 1: = ly N + 1-

If we finally put d;x=dad, 7, k=1, - - -, n+1, we obtain the required sys-

tem of matrix units.

DEFINITION 2.1. Anideal 4 of a ring S will be referred to as a matrix ideal
of degree n if A has a unit and is isomorphic to a total matrix ring of degree
n over a plain ring(7).

LemMa 2.4. If an idea A of a ring S contains a matrix system e, i, k
=1, « - -, n, such that the ring enSen s plain and the idempotent e = Z:‘_l €
15 in the center of S, then A contains a matrix ideal of S of degree n.

Proof. For any element £;;=e5;-S ey put = p_r_; eatnes; then the set of
the t's constitutes a ring T such that T'=¢e;;Sey, i.e., T is plain. Clearly
et =te;x for tET and the ideal B generated by the e;; which coincides with
the set of all elements of the form D _et:x, £t T, is then the required matrix
ideal.

THEOREM 2.2. If A s a nonzero ideal in a semi-simple I-ring S, then either
A contains a matrix 1deal of S or A contains an infinite sequence of matrix unit
systems e, i, k=1, - -+, j;7=1,2,3, - - -, such that eJ*" Ee)Sel).

Proof. Suppose that no matrix ideal lies in A. We begin the construction
of the required infinite sequence by choosing an idempotent e?0 in 4.
This is the first (one element) system of the sequence. Since by Lemma 2.4

either e)Sel? is not plain or e is not in the center, it follows by Lemma 2.3

that there exists a matrix system e&, 4, k=1, 2, such that 2 Ce{)Se{l. Thus
by induction we obtain the required sequence.

3. Weakly reducible rings. A ring S is said to be of finite index 1(S) if the
indices of the nilpotent elements of S are bounded and their maximum is
equal to £(S). Otherwise 7(S) = «. For S=0 we set 2(0) =0. We shall refer to

an [-ring of finite index as an [;-ring. An I-ring .S such that for each primitive

() The following properties of a matrix ideal, common to all ideals with unit, will be often
used in the sequel: I. If T is an ideal in a ring S, and 4 is an ideal with unit in T, then 4 is
an ideal in S. II. Any matrix ideal is a direct summand.
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ideal P the index (S —P) is finite (depending on P) will be referred to as an
I,-ring. Finally, an I;-ring is an I-ring such that for each primitive ideal P
the ring S— P satisfies some polynomial identity (depending on P). In this
case it follows by a theorem due to Kaplansky [7] that S—P has a finite
dimension #n? over its center, so that S—P is a total matrix ring of degree
m=n over a division ring. Thus any I;-ring is an I,-ring. We also note
(see [1]) that under this assumption S— P satisfies the “standard identity”

+oa; %4, - - - x4, =0, where the sign is positive for even permutations of
the sequence (1, 2, - - -, 2n) and negative for odd permutations of this se-
quence. Finally we quote that the same identity holds for all primitive rings
S — P’ which have dimension =<#? over the respective center.

The principal aim of the present section is to show that the three classes
of I-rings which we have just mentioned are instances of the class of the
so-called weakly reducible rings, which are defined as follows:

DEerFiNITION 3.1. Let N’ denote the maximal nil-ideal of a ring S. We say
that S is weakly reducible (in short: S is a WR-ring) if each nonzero ideal 4
of S— N’ contains a matrix ideal.

Any plain ring is evidently a semi-simple WR-ring. Also the following
lemma is readily verified and its proof may be omitted.

LeEMMA 3.1. Let T be a ring without nilpotent elements other than zero and
denote by S =T, the total matrix ring of degree n over T. Then S is a semi-simple
I-ring if and only if T is plain. Moreover, if T is plain then S is a semi-simple
WR-ring. If S is a primitive WR-ring, then T 1s a division ring.

The following theorem is almost an immediate consequence of the defini-
tion.

TuEOREM 3.1. If S’ is weakly reducible and N’ is the maximal nil-ideal of
S’, then the ring S=S"— N’ has the following properties:

(a) S is a semi-simple I-ring (i.e., N’ is the radical of S’).

(b) S is a subdirect sum of matrix rings of finite degree over plain rings.

(c) S is primaitive if and only if S is isomorphic with a total matrix ring of
finite degree over a division ring.

Proof. (a) Each nonzero ideal 4 contains an idempotent0 (e.g., the
unit of a matrix ideal which lies in 4), hence S is semi-simple. If R is a nonzero
right ideal in S, then SR>0(?) and contains a matrix ideal M 0. It follows
that RM 0. Since M is a semi-simple I-ring (Lemma 3.1), the right ideal
RM of M contains a nonzero idempotent, and this latter lies in R.

(b) Since any matrix ideal M has a unit, we can write S= M & M. Denote
by B the intersection of all the M’s. If B0, then BD M,, where M, is a
matrix ideal. Write S= M,® M,, then M,PB. On the other hand by defini-
tion BC M, Hence we must have B=0, and this implies the statement
under (b).
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(c) For any matrix ideal M we have S=M,® M. If S is primitive, we
must have S=M (compare [5, Lemma 4]). The statement follows now by
Lemma 3.1.

We have to discuss now the problem which presents itself in connection
with definitions 2.1 and 3.1 concerning the invariance of the degree of a
matrix ideal. We need the following lemma:

LeEMMA 3.2. Let T be a plain ring with unit e, and S the n by n matrix ring
over T. Then any one-sided inverse in S is two-sided(8).

Proof. We have to show that if ab=e in S, then ba =e. We use induction
with respect to n. Our theorem is valid for n=1. Indeed, suppose that da e,
then ¢ —ba?>0, whereas (a—ba?)2=0, which is impossible, since S(=T) is
plain. Suppose now that #>1. If cET, ¢#0, and ¢’ is a nonzero idempotent
in ¢T, then &' =e’cc’”’, ¢’ Ee’'T and (Lemma 2.2) ¢’'T is a direct summand of 7.
By the foregoing remark we must have also &' =c¢"’¢c, i.e., ¢'c is regular in
¢’T. This shows that for some central nonzero idempotent ¢, all the elements
of the matrices a’ =e’a, b’ =¢’b, where a’b’ =¢’, are either regular or zeros.
To simplify notations write again a, b, e instead of o/, b’, ¢’ and put

G2 GD)

where F and K are n—1 by n—1 matrices. We consider 3 cases:

Case 1. E=0. Then by ab=e¢ we have FK =1, where I is the n—1 by
n—1 unity matrix with e along the diagonal. By induction FK=KF=1.
By FH=0 we have then KFH=IH=H=0. We have further xy=e, and
hence (since T is plain) also yx =e. Since finally xG4DK =0, it follows that
y(xG+DK)F=GF+yD =0, which shows that ba =e.

Case 11. x£0. Since x is regular, we get by putting

e 0
= ( ) and @, = ca, by = bc?
—Ext 1T

the relation a,b, =e. We may assume (passage to a suitable direct summand!)
that the elements of the matrices a; and b, are either zeros or regular, and
since a@; has the form treated in case I, we have a;b, =e=b1a:=ba =ab.
Case 111. x=0, E#0. Put
e M
c =
0 I

(®) The author is indebted to the referee for the present form of this lemma and the fol-
lowing Theorem 3.2. Originally these results were proved under the restrictive assumption that
either S or every primitive image of S is of finite index. In these cases Lemma 3.2 is an easy
consequence of a result due to N. Jacobson [7].



1953] THE STRUCTURE OF ALGEBRAIC ALGEBRAS 391

where M is chosen so that ME>0. By setting a;=ca and passing eventually
to a suitable direct summand, we reduce this case to case II.

We have shown so far(?) that for a suitable central nonzero idempotent e,
the elements a;=ae;, by=be; are subject to the relation @16 =5:a,=0, or
(ab—ba)e;=0. Consider the ideal 4 generated in S by ab—bda. Since S is a
semi-simple WR-ring (Lemma 3.1) it follows that A contains a matrix ideal
e;S, where e, is a nonzero central idempotent of S. For the elements a;=ae,,
by =be; we have asb;=e,. Hence by above considerations there exists in the
matrix ring .S over e,T a central nonzero idempotent e; so that by putting
as=aes, by=>be; we get asb; =bsas, or (ab—ba)e;=0. This implies that 4e;=0,
which is a contradiction, since e3&A. Hence we must have 4 =0, or ab—ba
=0, q.e.d.

THEOREM 3.2. Suppose that a ring S with a unit element has two isomorphic
representations as a total matrix ring over plain rings, with degrees n and m.
Then n=m.

Proof. Our assumption implies that we may write S= sz- YA
= > ™1 diaU, where T and U are plain rings, whose elements commute
with the matrix units e;; and d;; respectively. We have to show that m=ux.
By 0%e;SS=enSY ., diuS it follows for some 7 that 03£e,;5d,.S
=euSd,ldudl,SgenSduS, or enSduS;ﬁO. Slmllarly we get O;éeuSduSeu. For
some au€euSd11 we have then OCauduSeugeuTeu. Since euTeugT, the
nonzero right ideal a;1d11.Sey; of ey Tey; contains a nonzero idempotent e; = ay1b11,
where by EdySey. We put a= D eaerandi, b= O_», dabuerer, and e=ab.
Since e, is in the center of e;;Te;; (Lemma 2.2), it follows that e is in the center
of S, and thus the elements a, b, e satisfy with respect to the matrix ring eS
over eI the conditions of Lemma 3.2. Hence we have ba =e. On the other
hand, assuming that #» <m it would follow by the definition of @ and & that
dny1 1020, while bad,+1 1=0, which is a contradiction, since e is in the
center. This shows that we must have #=m. Similarly m =7, hence m ==,
q.e.d.

THEOREM 3.3. A semi-simple I1-ring is @ WR-ring. The maximal degree of
the matrix ideals contained in S is equal to the index i(S) of S.

Proof. This is a consequence of Theorems 2.1 and 2.2.
Combining this theorem with Theorem 3.1 we obtain the following:

COROLLARY. An I1-ring is primitive if and only if it is 1somor phic with a total
matrix ring of finite degree over a division ring.

The following lemma is extracted from an argument due to Kaplansky
(see [10, Theorems 5.1 and 10.2]) and is reproduced here for the convenience
of the reader.

(%) This result is already sufficient to prove Theorem 3.2.
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LEMMA 3.3. If a ring S contains an infinite sequence of nonzero idempotents
e, 1=1,2, - - -, such that e;;.1E e;Se;, then there exists a primitive ideal that does
not contain any of the e's.

Proof. Denote by R; the right ideal consisting of all elements of the form
x—eg, and consider the right ideal R= Y 2, R.. Suppose that for some
positive integer n we have

n
9 e = D % — €;%;.
j=1

Since e.eirr=eir1€i=e€irk, it follows by multiplying (9) with e, that e,=0,
a contradiction. Hence e;&R, i.e., RCS. Any right ideal R’ such that S
DR’'DR evidently does not contain any of the ¢’s. If R’ is a maximal right
ideal of this kind, then the quotient P =R’:S (see [5, p. 310]) is contained in
R’ and P is the required primitive ideal.

THEOREM 3.4. Any semi-simple I,-ring S is a WR-ring.

Proof. Suppose that S is not a WR-ring and let 4 be a nonzero ideal that
does not contain matrix ideals. By Theorem 2.2 we know that A contains
an infinite sequence of matrix units systems e, 1,k=1, - - -, j;j=1,2, -« -,
such that e{tVEe?Sel?. By Lemma 3.3 there exists a primitive ideal P
that does not contain any of the idempotents e, =1, 2, - - -, which in view
of ei’l)=e§{’e§£)eg) implies that eQ&P, 7, k=1, - - -, j; hence S—P contains
nilpotent elements of index j. As this is valid for any j, it follows that the
index of S—P is infinite, which is the required contradiction.

THEOREM 3.5. A semi-simple Is-ring S is a WR-ring. Any nonzero ideal A
in S contains matrix ideals that satisfy a polynomial identity.

Proof. Since any Is-ring is an [,-ring, we know (Theorem 3.4) that 4
contains a matrix ideal M;. As M, has a unit, M; is a homomorphic image of
S, and thus any primitive image of M, is also a primitive image of S and
satisfies therefore for some integer # the standard identity

(10) Z + %%y 0 - - Xiy, = 0.

Following [10, Theorem 10.3], denote by B the crosscut of all primitive ideals
P of Misuch that (10) holdsin M;— P; then (10) holds in M;— B also. Thus if
B =0, the theorem is proved. If B0, consider a matrix ideal M,, M,CB;
then(”) Mi=M,®M’. Denote by Q any primitive ideal of M, By M,
—(0® M')=M,— it follows that Q® M’ is a primitive ideal in M,, and
that if (10) holds in M;—Q, then it holds in M, —(Q+ M’) also, i.e., BCQ
@ M’, contradicting BD M;D(Q. Hence (10) does not hold in M,—Q. Thus,
assuming that the theorem is false, and given an arbitrary ascending se-
quence of integers, say 1, 2, 3, - - -, we can deduce the existence of an
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infinite sequence of matrix ideals {M,} with units e; such that e;Ee; _15e;
and any primitive image of M, does not satisfy (10). By Lemma 3.3 there
exists a primitive ideal P that does not contain any of the ¢’s. By assumption
S—P is simple, hence S=P+M,, n=1, 2,---.By S—P=(P+M,)—P
>~M,—(M.N\P) we know(?®) that M,N\P is a primitive ideal in M, and
hence does not satisfy (10). It follows therefore that S— P does not satisfy
(10) for any n, which is the required contradiction.

4. Elementary and pseudo elementary rings. In case a ring S contains
matrix ideals, it is natural to consider the sum A of all such ideals and to
study the behaviour of S—A4. In this and in the next section such considera-
tions will play an important role.

If A, and A, are ideals with the units e; and e,, then the e’s are central
idempotents, and so are the three orthogonal idempotents d,=e;—eie,,
da=e;—eres and d;=ese5. The central idempotent d= Y_3_, d; is then the unit
of the ideal 414 A4.. This leads readily to the following lemma:

LEMMA 4.1. The sum of a finite number of ideals with units is also an ideal
with a unit. If a finite system of elements lies in an ideal A that is a sum of
1deals with units, then there exists an ideal B with a unit, BC A, that contains
all the elements of the system.

Various special cases of the following lemma will be repeatedly applied.

LEMMA 4.2. Let A be an ideal in an arbitrary ring S and suppose that A is
the sum of a finite or an infinite number of ideals with units. For a finite set of

elements x; S, i=1, - - -, m, let fi(x)=f;i(x1, -+ +, Xm), j=1, + - -, n, denote
a set of polynomials in the x's (say with integral coefficients). If
(11) fi(xy, +++, xn) = 0mod 4, ji=1---,n,
then there exists a system of elements y;, 1=1, - -, m, such that

(12) filyy -+ ym) =0, yi=ximodd,j=1:--,mi=1---,m.

Proof. By Lemma 4.1 the finite set f;(x), j=1, - -, n, lies in an ideal B
with a unit such that BCA. It follows that S=B®C. Write x;=u;+y;,
u;€B, y:€C; then evidently fi(x)=f;(u)+fi(y), fiu)EB, fi(y)EC. Since
fi(x) €EB, this implies that f;(y) =0, which in view of y;—x;&EBCA4 completes
the proof.

In the above proof the #’s and the y’s are components of the x’s in the
direct sum S=B®C. Hence we have:

COROLLARY 1. If 1n (11) the x's are in the center of S, then we can choose
the v's in (12) so that they also belong to the center of S.

A special case of (11) is the congruence x*=0 mod 4. Hence we have:

(19) This is a special case of [9, Theorem 3.1].
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COROLLARY 2. If a is nilpotent of index m modulo A, then for some
b=a mod A we have b"»=0. Thus if S is of finite index i(S), then also S—A s
of finite index and we have

i(S) = i(S — 4).
By combining Corollaries 1 and 2 we obtain:

COROLLARY 3. If z is a central element of S and if 2 is nilpotent of index n
modulo A, then S contains a central element which is nilpotent of index n.

Since every central nilpotent element lies in the radical of the ring, we
have:

COROLLARY 4. If S is semi-simple, then each ceniral element which is nil-
potent modulo A lies in A.

Finally we state the following special case of Lemma 4.1.

COROLLARY 5. If e;x, 3, k=1, + - -, m, constitutes a system of n* matrix units
modulo A, then there exists a system of n* matrix units dix, t, k=1, - - -, n,
in S such that d;x=e;; mod 4.

DEFINITION 4.1. An ideal 4 in a ring S (in particular: 4 =S5) is called
elementary (in short: E-ideal, E-ring) if 4 is a sum of matrix ideals.
Lemmas 3.1 and 4.1 readily lead to the following:

LEMMA 4.3. Any E-ring is a semi-simple WR-ring.
We need the following generalization of the notion of an E-ring:

DEFINITION 4.2. Let A be a semi-simple ideal in a ring S (in particular:
A =S) and denote by M the sum of all matrix ideals of S contained in 4. If
A—M is a nil-ring, then A4 is called pseudo-elementary (in short: PE-ideal,
PE-ring). If all matrix ideals in 4 are of a fixed equal degree, we refer to 4
as homogeneous(!).

Any E-ring is evidently a PE-ring, and if a PE-ring has a unit, it is an
E-ring. Simple examples show(!?) that there exist PE-rings which are not
E-rings. We prove:

LEMMA 4.4. Any PE-ring is a semi-simple WR-ring. If Z is the center of S,
then ZS is the sum of all matrix ideals, i.e., S—ZS is a nil-ring. If S is of finite
index, then so 1s S—ZS and 1(S)21(S—ZS). If S is a PE-ideal in a ring T,
and T is of finite index, then so is S, and we have +(T") Z(T —S).

Proof. Denote by M the sum of all matrix ideals of S, and consider any

(1) In the case of Fl-rings, in particular, of =-regular rings, this definition agrees with that
of Kaplansky (compare Theorem 5.6(e) of the present paper).
() Compare [9, Theorem 4.3, remark 2].
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ideal 4#0. By (A+M)— M=4 —(ANM) it follows that 4 —(ANM) is a
nil-ideal. Since S is semi-simple, this implies that ANMM 0 and similarly
0C(ANM)2CAMCM. Since M is an E-ring, it follows by Lemma 4.3 that
the nonzero ideal A M of M contains a matrix ideal. Hence(”) so does 4,
which shows that S is a WR-ring. By Lemma 4.2, Corollary 4 it follows
further that all central elements of S lie in M, hence ZSC M. On the other
hand M is generated by the units of its matrix ideals, hence ZS= M. The
inequality 7(S)=4(S—ZS) follows now as a consequence of Lemma 4.2,
Corollary 2. Finally, in case S is a PE-ideal in a ring T of finite index, we
have in view of the fact that S—ZS is a nil-ideal in T—ZS the inequality
(T—2S)2i[(T—2S)—(S—2S)]=4(T—S). By Lemma 4.2, Corollary 2
we have ¢(T) 24(T—ZS), hence i«(T) 2i(T—.S5), q.ed.

In case a PE-ring S has no nilpotent elements, S is plain (see Theorem 3.1
and Lemma 4.4) and by 1=1(S) 24(S—Z5S) and the nillity of S—Z.S we have
S=ZS. Hence:

COROLLARY. A PE-ring without nilpotent elements 1is a plain E-ring.

One readily verifies that an ideal in a total matrix ring of degree n over a
plain ring with unit is also a total matrix ring of degree #» over some plain
ring. The sum of two matrix ideals of the same degree is also a matrix ideal,
Since the degrees of matrix ideals are inivariant (see Theorem 3.2), it follows
that the crosscut of two matrix ideals of different degrees is equal to 0. In
view of Lemmas 4.1 and 4.4 this leads readily to:

LEMMA 4.5. Let S be a PE-ring and Z the center of S. If the primaitive images
of S have finite indices, then S is an Iy-ring and ZS splits into a direct sum of
homogeneous E-rings. If S itself is of finite index, then S is an I-ring and ZS
splits into a finite direct sum of homogeneous E-rings. A homogeneous PE-ring
with unit is a matrix ring over a plain ring.

DEFINITION 4.3. An ideal 4 of a ring S is said to possess an E-chain, re-
spectively a PE-chain of length 7, if there exists an ascending chain of ideals
{A,} in S which begins at 49=0 and terminatesat 4.=4 such that 4,;1—4,
is an E-ring, respectively a PE-ring, and any 4, with a limit ordinal ¢ is
defined by 4,=U,<,4,, respectively by 4,, where 4,—U,,4, is a nil-ring
and 4 —A, has no nonzero nil-ideals.

THEOREM 4.1. A ring S with a PE-chain and without nonzero nil-ideals is a
semi-stmple WR-ring.

Proof. Let {A4,} be a PE-chain of S of length 7 and 4 a nonzero ideal in S.
Each A, has a PE-chain of length \. We use induction with respect to the
length 7. For 7 =1 the theorem is true by Lemma 4.4. If 7 is a limit ordinal
and U=U,<.4,, then S— U and hence also (44 U)— U are nil-ideals. Since
S has no nonzero nil-ideals, it follows by (44 U)— U=A —(UNA) that
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UNA 0 and U4 0, so that for some N we have 4,4 0. By induction
(A <71) A4 and hence(") also 4 contain matrix ideals, hence S is a semi-simple
WR-ring. If finally 7=A-41, then assume first that 4,4 0. In this case it
follows (induction!) that the ideal A4 and hence(”) also A contains a
matrix ideal. Consider now the case where 4,4 =0. In this case (4\M\4)%?=0,
and hence by the semi-simplicity of A, (induction!) we have 4,4 =0,
which implies

(Ar+ 4) — A\ =2 A.

Now Ayt1—A» is a PE-ring, i.e., by Lemma 4.4 a WR-ring. Hence by the
above isomorphism it follows that A contains a matrix ideal, which completes
the proof of the theorem.

Since each E-ring is a PE-ring, we have:

COROLLARY. A ring S with an E-chain is a semi-simple WR-ring.

THEOREM 4.2. If S is a ring with a finite index i(S), and A an ideal with
a PE-chain, then

(13) (S — 4) = i(9).

Proof. Let { A, } denote a PE-chain of 4 of length 7. We use induction with
respect to the length. If 7=1, the theorem is true by Lemma 4.4. If r=\41,
then by induction 7(S) =27(S—4,). Since further Ax;;— A4\ is a PE-ring, we
have by Lemma 4.4 the inequality 1{ (S—4))— (4 11— A4)) } =1(S—A4,), which
combined with (S—A4,) — (Ar1—A4N) =S — Ay =S5—A4 yields (13). If finally
7 is a limit ordinal and if for some ¢&.S we have ¢*"&E A4, ¢c* 1G4, then in view
of the nillity of 4 —U,<.4, (see definition 4.3) it follows that for some ¢ <7 and
for some positive integer m we have ¢""EA4,, ¢ &4, i.e., ¢ is nilpotent of
index =# modulo 4,. Since ¢ <7, we have by induction i(S—A4,) £(S), i.e.,
n=1(S). Hence the indices of the nilpotent elements of S—A4 are bounded
by 2(S), q.e.d.

5. Homomorphism faithful I-rings. In this section we consider faithful
I-rings (in short: FI-rings), that is, rings which are carried into I-rings by
every homomorphism. By the transitivity property of homomorphisms it fol-
lows that any homomorphic image of an FI-ring is also an FI-ring.

LEMMA 5.1. Let S be an FI-ring and A #0 a semi-simple ideal of finite in-
dex 1(A). Denote by A, the sum of all matrix ideals of S that lie in A, and by B
any ideal such that ADB2DA,, and B—A is a nil ring. Then

i(4) > i(4 — B).

Proof. The ideal 4 is an I;-ring (see Lemma 2.1) and hence (see Theorem
3.3) it contains matrix ideals. Any matrix ideal of 4 is a matrix ideal of S(7).
Thus 4:7#0. Now B is a PE-ideal and we have by Lemma 4.4 the inequality
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(14) i(4 — B) = i(4 — 41 = i(4).

Since 4 is an FI-ring and S~S—4,, we know that S—A4, is an [-ring and
thus (see Lemma 2.1) the ideal 4 — A4, of S—A4; is also an I-ring. Now set
1(A)=n and suppose that in (14) we have 72(4 —B)=1(4) =n; then also
i1(A—A;)=n and by Theorem 2.1 there exists in 4 —A4; a system of n?

matrix units e, ¢, k=1, - - -, n. Hence by Lemma 4.2 Corollary S there
exists in A a system of #? matrix units d;x such that
(15) dix = e, mod A4,, iLWEk=1,--+, n

Since 7(4) ==, it follows (see remark to Theorem 2.1) that no systems of m?
matrix units with m >#n do exist in 4, so that in view of Lemmas 2.3 and 2.4
the ideal 4 * generated by the d’s is a matrix ideal which lies in 4. Since 4,
is defined as the sum of all matrix ideals which lie in 4, we have 4,DA4%,
which contradicts (15). This shows that we must have (4 —4,) <=, q.e.d.

THEOREM 5.1. If S 7s an FI-ring and A #0 a semi-simple ideal with finite
index 1(A4), then A possesses a PE-chain {B;} of finite length such that 0 =B,
CBiC -+ - CB,=A4 and i(4A —B,)>1(4 —B,1), r=1(4).

Proof. Denote by A4; the sum of all matrix ideals of S contained in 4;
then as in the proof of Lemma 5.1 we know that S—A4, and 4 —A4, are I-
rings. Hence the radical of 4 — 4, is a nil-ideal which evidently generates a
nil-ideal in S—A4;. Thus if N is the ideal in S such that NDA4,and N—4, is
the radical of S—A;, then B;=NNA4 is a PE-ideal(®®) of S contained in 4,
and 4 — B, is semi-simple. The ideal B; is then the first term (after 0 = B,) of
the required PE-chain. Since a homomorphic image of an FI-ring is also an
FI-ring, we can repeat the procedure with the I-ring S—B; and the semi-
simple ideal 4 —B;. Thus in case 4 —B;0 we can get hold of an ideal B,
such that ByCB:ZA4, B;— B, a PE-ring and 4 — B, semi-simple. Since by
Lemma 5.1 we have 2(4) >7(4 — B,) >#(4 — B,), this process terminates after
at most 7(4) steps, q.e.d.

In the following we shall refer to FI-rings with finite index as FI;-rings,
and to FI-rings with finite index modulo each primitive ideal as FI,-rings.
Similarly FI;-rings are defined (compare §3).

THEOREM 5.2. If S is a semi*simple FI,-ring, then S has a PE-chain { Ai}
of finite length r such that 1(S—A;) >1(S—A4:41), r =1(S).

Proof. This is an immediate consequence of Theorem 5.1.

REMARK. By combining this theorem with Lemma 4.5 we can supple-
ment the chain {4} to a chain {4}} by pushing in additional ideals between
A; and 4, wherever necessary, so that the new chain becomes a PE-chain
with homogeneous PE-rings A,; —A}. We can determine the 4*'s such that

(1) Compare definition 4.2.
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again i(S—A}) >i(S—A4},.,), i.e., as before the length of {4F} does not ex-
ceed (.S).

THEOREM 5.3. If S 1s a semi-simple Fli-ring and if A is an ideal such that
S—A 1s semi-simple, then S possesses a PE-chain that runs through A.

Proof. By Theorem 5.1 we can construct a PE-chain for 4. By assump-
tion, S—A4 is semi-simple and again an FI-ring. Now use Theorem 4.2 to
derive the inequality 7(S—A4) =4(S), i.e., S—A is of finite index. By Theo-
rem 5.2 the PE-chain for 4 can now be extended so as to yield a PE-chain
for S.

THEOREM 5.4. Any homomorphic image S’ of an FIl,-ring S is also an
FI;-ring, and i(S") £4(S)(*).

Proof. Consider the ideal 4 which is the kernel of the homomorphism
S~S’. If N is the radical of S, then AN N is the radical of A4, i.e., the ideal
A—(ANN) of the FI,-ring S—(AMNN) is semi-simple and possesses by
Theorem 5.1 a PE-chain. Hence by Theorem 4.3 we have

iS—UunNnmlzifls—-UunNmN]-[4-uUnnN]}.
By the “second law of isomorphisms” this is the same as
(16) i[S—UNN]zZiS - A).

Now ANN is a nil-ideal and it is therefore clear that ¢[S—(4ANN)]<i(S)
and this relation in conjunction with (16) yields #2(S) 24(S—4) =1(5’), q.e.d.

THEOREM 5.5. If S is a plain FI-ring, then

(a) Any homomorphic tmage of S 1s a plain Fl-ring. Any primitive image
of S is a division ring.

(b) The ring S and all its ideals are E-rings.

(c) Any right or left ideal in S is two-sided.

(d) Any right ideal in S which is generated by a finite set of elements has a
unit, i.e., S 1s regular and biregular(%).

(e) The ring S is strongly regular. ‘
Conversely, a strongly regular ring is a plain Fl-ring.

Proof. (a) This is an immediate consequence of Theorem 5.4 and the
corollary to Theorem 3.3. (b) Since for an ideal 4 #0 of S we have ¢(4) =1,
it follows by Theorem 5.1 that A must be a PE-ring, and hence (Corollary to
Lemma 4.4) an E-ring. (c) Let R0 denote a right ideal in S, then R con-
tains nonzero idempotents all of which lie in the center of S (Lemma 2.2).
Consider the set A4 of all x such that x€R, SxCR, then 4 is a maximal

(%) This is a generalization of Jacobson’s lemma on algebraic algebras (compare [6,
Lemma 1]).
(1) A ring is biregular if every principal ideal is generated by a central idempotent. .
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(two-sided) ideal of S that lies in R. By Theorem 5.4 we have 7(S—A4)
<1i(S)=1, that is, S—4 is a plain FI-ring, hence (by (b)) an E-ring. Suppose
that RDA, then R contains an element e that maps into a nonzero idempotent
modulo 4. By Lemma 4.2, Corollary 5 there exists an idempotent d in S
such that

V) d = emod 4.

Since d is in the center of S (Lemma 2.2) and by (17) we have dER, it fol-
lows that dE€ A4, which contradicts (17). This shows that we must have R=4,
that is, R is two-sided. Similarly for a left ideal. (d) For a finite set
a1, Qs ¢ * *, @y in S consider the right ideal 4 =(a4, - - -, a.), generated by
the a’s. By (c) this ideal is two-sided and by (b) it is an E-ring. Hence by
Lemma 4.1 we know that 4 lies in an ideal A* with unit where 4 CTA4*.
Hence we have A =A%*, i.e., 4 has a unit. Since this unit is a central idem-
potent (Lemma 2.2), the proof of (d) is complete. (e) For a &S consider the
right ideal 4 =a2S. By (c) we know that 4 is two-sided and by Theorem 5.4
that S—4 has no nilpotent elements. Since a®*E& 4, it follows therefore that
aEA, i.e., a=a’ for some b, that is, S is strongly regular. Conversely ('), if
S is strongly regular and R0 is a right ideal, then for 0aER we have
a=a?%, or a(ab—abab) =0. Then either ab=abab or else one of the two ele-
ments ab—abab, (ab—abab)a is 0 and nilpotent. Since S has no nilpotent
elements we have ab=abab, i.e., e=ab is an idempotent, hence in the center,
hence e =ae=ea, i.e., R contains a nonzero idempotent, and consequently S
is a plain I-ring. That S is an FI-ring is an immediate consequence of the
definition of strong regularity.

LeMMA 5.2. If T is a ring with unit and without nilpotent elements other than
zero, then the total matrix ring S= T, of degree n over T is an FI-ring if and only
if T 1is strongly regular. If this condition holds, then S is regular and biregular,
and each primaitive tmage of S is a total matrix ring of degree n over a division
ring(17).

Proof. Write in standard notation S= szﬂ e.xT, where the e's are ma-
trix units commuting with the elements of T". Suppose first that Sis an FI-ring
and consider a right ideal R’>0 in T. Then R= ) 7, e;R’ is a non-nil right
ideal in S and contains a nonzero idempotent e= D 7, ei;;. The element ¢,
is then a nonzero idempotent in R’, which shows that T is a plain ring. As is
readily seen, each homomorphism of T can be extended to a homomorphism
of S, and this implies that any homomorphic image of T is an I-ring. Hence
T is a plain FI-ring and is therefore by Theorem 5.5 strongly regular. To
prove the second part of the lemma, we assume that T is strongly regular

(1) Compare [2, Theorem 3.2].
(17) This implies the invariance of the degree of a matrix ideal in an FI-ring in the sense of
Theorem 3.2.
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and have to show that S is biregular and regular. To this end choose an
element a= Y ; x extix ©S. The ideal 4 in S generated by a coincides with
the ideal generated by the ideal 4’ of T which has as generators the elements
tik, 1, k=1, - - -, n. Since A’ has a unit (Theorem 35.5) it follows that also
A has a unit, i.e., S is biregular. Consider next the right ideal aS. The right
ideal in T which is generated by the first row of the matrix (¢;x) has a unit
d; (Theorem 5.5) and the right ideal aS contains an idempotent of the form
e=endi+ D v, eatl. Write a=e,a+(a—ea). The matrix a;=a—ea has
zeros in the first row. The elements in the second row generate an ideal in
T with a unit d,. The right ideal .S contains an idempotent of the form
e =ends+ D ", ext?, and we have eei=0. Put e;=el—ele;; then a=ea
+e.a+a,, where e;, e, are orthogonal and e,a=0, 7=1, 2. Furthermore, a,
has zeros in the first two rows. Thus, after # steps, we get a representation of
the form a= ) 7, e.a, where e= > _» | e, is a left unit for a,i.e.,a=ea, e=ab,
and a=aba, that is, S is regular. Finally note that each primitive image
of S is a matrix ring of degree # over a primitive image of T, and the latter
is by Theorem 5.5 a division ring. This concludes the proof of the lemma.

LeEMMA 5.3. A PE-ring S'is an Fl-ring if and only if each matrix ideal of
S 1s @ matrix ring of finite degree over a strongly regular ring. If this condition is
satisfied, then S is a w-regular Flyring.

Proof. If the condition of the lemma holds, then by Lemma 5.2 each
matrix ideal of .S is regular and hence also the sum M of all these ideals (since
each has a unit) is regular. Since S— M is a nil-ring, we have for any a €S
an equation a»=b& M, which by the regularity of M implies a™ca™=a™ for
some c, i.e., S is m-regular and thus an FI-ring. If, further, P is a primitive
ideal, then PP M (since S— M is nil), hence for some matrix ideal M, it fol-
lows that (M,+P)—P is primitive [5, Theorem 22]. By (M,+P)—P
=My— (PN\M,) we conclude(?) that M,— (P\M,) is a primitive image of
M, and is therefore (Lemma 5.2) a matrix ring of finite degree over a division
ring. Since M,— (PN M,) has a unit, also (M,-+P)— P has a unit and hence
[5, Lemma 4] we must have M,+P=S. This shows that S—P is of finite
index, i.e., S is an FI,-ring. Conversely, suppose that S is an FI-ring; then
as each matrix ideal M, of S has a unit, M, is a homomorphic image of S
and is therefore also an FI-ring and hence (Lemma 5.2) a matrix ring of
finite degree over a strongly regular ring. This completes the proof of the
lemma.

DEFINITION 5.1. A PE-ring which is also an FI-ring will be referred to as
a strong PE-ring. A PE-chain {A,} where all difference rings 4,41 —4, are
strong PE-rings will be called a strong PE-chain.

THEOREM 5.6(!8). Let S be a semi-simple FI,-ring with index n=1(S), and

(18) Parts (b), (d) and (e) of this theorem generalize Kaplansky’s results on =-regular rings
(compare [9, Theorems 2.3, 4.2, and 4.3]).
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denote by {A;} a PE-chain (Theorem 5.2) of length r such that i(S—A;)
>U(S—A;41). Then:

(a) Each matrix ideal in any of the rings A 11— A is a homomorphic image
of S. The chain {A;} is a strong PE-chain.

(b) Any primitive image of S is a total matrix ring of degree <n over a
division ring. Hence any FIi-ring is a special Fly-ring.

(c) The maximum of the degrees of the primitive images of S is equal to n.

(d) If the primaitive images of S have equal degrees, then r=1 and S is a
strong homogeneous PE-ring. '

(e) If S has a unit and the primitive images of S have equal degrees, then
S 1s a total matrix ring of degree n over a strongly regular ring.

Proof. (a) The ring S—A4; is a homomorphic image of S and is therefore
an Fl-ring. If M, is a matrix ideal of S—A4; that lies in 4;;;— 4, then since
M, has a unit, it is a direct summand of S—A4; and is therefore a homo-
morphic image of S—A4,. Hence M, is an Fl-ring and thus (Lemma 5.2) a
matrix ring over a strongly regular ring. (b) If S’ is a primitive image of S,
then (Theorem 5.4) (S’) =4(S), which in view of the corollary to Theorem
3.3 implies that S’ is a total matrix ring of degree at most equal to n» over a
division ring. (c) By Theorem 3.2 we know that S contains a matrix ideal
M, of degree . Any primitive image of M, is a primitive image of S (compare
the proof of (a)). Hence it follows (Lemma 5.2) that S has primitive images of
degree #. (d) This is a consequence of (a) and (c). (e) This is a consequence of
(d) and Lemma 4.5.

By the above theorem one is led to single out rings that possess a finite,
or a transfinite, strong PE-chain. Our aim is to derive a necessary and suffi-
cient condition for a ring to possess such a chain. We need the following:

LeEMMA 5.4. If for some ideal A of a ring S both A and S—A are I-rings,
then also S is an I-ring. If a ring S is the union of an ascending chain of ideals
{A4;} each of which is an I-ring, then also S is an I-ring.

Proof. Let R be a non-nil right ideal in S. If the right ideal RMA of 4
is not nil, then RMNA and hence also R possesses a nonzero idempotent. If
RNA is nil, then R—(RMA) is not nil and in view of (R+A4)—A=R
—(RNMA) the right ideal (R+4) —A4 of S—A contains a nonzero idempotent.
Hence R—(RMA) contains a nonzero idempotent, which implies (compare
[11, Hilfsatz 3]) that also R contains a nonzero idempotent. As to the second
part of the lemma, note that if R is a non-nil right ideal in S then the non-
nil right ideal generated by some non-nilpotent element of R lies in some
ideal 4; and hence contains a nonzero idempotent that lies in R.

THEOREM 5.7. A semi-simple ring S possesses a strong PE-chain if and
only if S is an Fl,-ring.

Proof. Sufficiency: If S is an FI,-ring, then (Theorem 3.4) S contains
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matrix ideals. Each of these matrix ideals is an FI-ring (compare the proof
of Theorem 5.6(a)) and is therefore by Lemma 5.2 isomorphic with a total
matrix ring over a strongly regular ring. Denote by M the sum of all matrix
ideals of S. As in the proof of Theorem 5.1 we determine the ideal 4, such
that 4,2 M, A,— M is the radical of S— M, and S—4, is semi-simple. By
Lemma 5.3 we know that A4, is a strong PE-ring, and since along with S also
S—A, is a semi-simple FI,-ring, we can continue the process and thus by
transfinite induction(!?) get a strong PE-chain for S.

Necessity: Consider a semi-simple ring S with a strong PE-chain {A,}.
By Theorem 4.1 we know that S is an I-ring. We show next that S is an
FI-ring. To this end we have to prove that for any ideal 4 the ring S—A4 is
an I-ring. We use induction with respect to the length 7 of the chain {A,}.
For r=1 we have S=4,; hence S is a strong PE-ring, hence an FI-ring,
and thus S—A4 is an I-ring. For r=A+1 we have

(18) A4+4)) —A==2A4— (AN 4).

By induction 4, is an FI-ring and hence the rings on both sides of (18) are
I-rings. Now S—4, is a strong PE-ring, i.e., an FI-ring, and hence the
homomorphic image (S—A4,)—[(4+4)\) —4\] of S—A4, is an I-ring. Since
we have

(S—4) — [A+4) —A]=S— U4+ 4,

it follows that S—(4 +4,) is an I-ring, and as we know already that also
(A+4,)—A4 is an I-ring, we conclude by Lemma 5.4 that S—4 is an I-ring.
If 7 is a limit ordinal, 4, =Uj<,4, and 4! =Ux<,(Ax+A4), then S—4, and
hence also S—A/ are both nil, i.e., I-rings. Now 4/ —4 = Uy, (4dx+4)—4,
where each term is by induction (compare (18)) an I-ring. Hence by Lemma
54 A! —A is an I-ring. In view of the nillity of (S—4)— (A4, —A) this im-
plies (Lemma 5.4) that also S—4 is an I-ring. Thus we have shown that S is
an FI-ring. We prove next that S is an I,-ring, i.e., that each primitive image
of S is of finite index. To this end suppose that 4 is a primitive ideal and use
again induction as before. For r=1 this is true by Lemma 5.3. For r=A+1
assume first that 4 D4,. In this case S—A4 is a primitive image of S—A4,
and since this latter ring is by assumption a strong PE-ring, it follows by
Lemma 5.3 that S— A4 is of finite index. In case AP A, we know that (4 +4))
—A is a primitive ring (see [5, Theorem 22]) and by 18 it follows (induction!)
in view of Lemma 5.3 that (4 +4),) — A4 is a total matrix ring of finite degree
over a division ring, which implies that 4 +4,=S and that S—4 is of finite
index. Finally consider the case where 7 is a limit ordinal; then for some

(19) Note that for a limit ordinal ¢ we first determine As= Up<,A,,. Since S— A isan I-ring,
the radical is nil, and we may fix 4, by assuming that 4,0 4, and that 4,— 4, should be the
radical of S—4,. Thus S— A, becomes again a semi-simple I;-ring, and we may proceed with
the construction of the PE-chain.
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A<7 we must have ADPA, since otherwise by 4DA4,=Us.4, it would
follow that S—A4 is nil, while S—A4 is primitive. Thus with the help of (18)
we conclude as before that S—A4 is of finite index. This completes the proof
of the theorem.

REMARK. In the special case where the strong PE-chain 4; is finite and
each ring 4;4;— A4 is of finite index it follows that .S is a semi-simple FI;-ring,
and we have obtained the converse of Theorem 5.2.

We have seen (Theorem 3.4) that for general semi-simple I-rings the
condition that all primitive images are of finite index implies weak reducibil-
ity. Since this condition is inherited by each homomorphic image we have:

THEOREM 5.8. A semi-simple Fly-ring and all its homomorphic images are
WR-rings.

In connection with the converse of this theorem one is led to single out
the following class of rings:

DEFINITION 5.2. A ring S is called a faithful weakly reducible ring (in
short: FWR-ring) if any homomorphic image of S is weakly reducible.

LEMMA 5.5. 4 ring S without nonzero nilpotent elements is a FWR-ring if
and only of S is strongly regular. If T is a ring with unit and without nilpotent
elements, then the total matrix ring T, of degree n over T is @ FWR-ring if and
only if T 1s strongly regular.

Proof. The proof is similar to that of Theorem 5.5 and Lemma 5.2. We
omit the details.
We prove now the converse of Theorem 5.8.

THEOREM 5.9. Any FWR-ring S is an Fl,-ring.

Proof. Denote by N the maximal nil ideal of S. By definition the ring
S*=S5—N contains matrix ideals. Any matrix ideal M, is a semi-simple
I-ring (Lemma 3.1). Since M, has a unit, M, is a homomorphic image of S
and is therefore a FWR-ring. Hence (Lemma 5.5) M, is a total matrix ring
over a strongly regular ring. The sum M of all matrix ideals of S is therefore
a regular ring (Lemmas 5.2 and 5.3). Now define the ideal 4, by the require-
ments: 4,OM, A;— M is the maximal nil-ideal of S— M. Then 4,— M is a
strong PE-ideal and the WR-ring S—A4, has no nonzero nil ideals. This
process may be continued(?°) and leads by transfinite induction to a strong
PE-chain for S. In view of Theorem 5.7 this implies that S*, and hence also
S, is an FI,-ring.

For the special case of a regular ring we have:

THEOREM 5.10. If the primitive images of a regular ring S are of finite
index, then S possesses a strong PE-chain {A,} such that A,.1—A, is an E-ring

(20) Compare footnote 19
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for each o, and for a limit ordinal ¢ we have A, =Us<,A\. Conversely, any ring
that possesses a chain of this kind is a regular ring whose primaitive images are of
finite index.

Proof. A regular ring whose primitive images are of finite index possesses
a strong PE-chain {4,}. This follows as a special case of Theorem 5.7. Now,
any homomorphic image S’ of a regular ring S is also a regular ring, so that
S’ has no nonzero nil ideals. This implies that the PE-ring 4,,; — 4, is actually
an E-ring for any ¢. Similarly it follows that for a limit ordinal ¢ we have
A,=U\<, A\ (compare definition 4.3). This shows that our strong PE-chain
{A,} is actually a strong E-chain. Conversely, suppose that S is a ring that
possesses a chain of the kind described in the theorem. Then 4,41 —A4, is a
sum of matrix ideals each of which is a regular ring (Lemma 5.2), which
implies that also A,.1— A4, is regular. The regularity of S follows now as a
consequence of the following two facts that can be readily verified: (1) If 4
is an ideal in a ring T such that 4 and T— A4 are both regular, then also T
isregular(?!). (2) If aring T is the union of an ascending chain of ideals each of
which is regular, then T is also regular.

COROLLARY. All homomorphic images of an Fl,-ring S are semi-simple if
and only if S is regular.

THEOREM 5.11. A semi-simple FIs-ring possesses a strong PE-chain {A,}
such that A,.1— A, satisfies a polynomial identity. Conversely, any semi-simple
ring possessing a chain of this kind is an Fls-ring.

Proof. The proof is based on Theorem 3.5 and is similar to that of Theorem
5.7.

6. Locally finite ideals. Let A be an algebra over a field . An element a
of A is called algebraic if for some ®-polynomial(??) f(x) of degree =1 we
have f(a) =0. An ideal B of 4 is called algebraic if all elements of B are alge-
braic. Suppose that B and C are algebraic ideals in 4. If §EB and ¢&C, we
have apparently for each positive integer k the relation (b4-c)*=>5b%+c;,
cx€C. If now f(x)= D", axi, c;E®P, and f(b)=0, then f(b+c)=1(b)
+ 3™ aii= Daici=c, where ¢/ EC. For a nonzero ®-polynomial g(x) we
have g(¢’) =0, i.e., g{f(b+c)} =0, which shows that b+c is algebraic. The
ideal B4-C is therefore algebraic. It follows now readily that the sum of all
algebraic ideals is also an algebraic ideal. This maximal algebraic ideal of an
algebra 4 may be called the algebraic kernel of 4 and denoted by K’ =K’'(4).
If for some a’E€A4 and for a nonzero ®-polynomial f(x) we have f(a’) =a”
€K', then in view of the algebraicity of K’ there exists a nonzero ®-poly-
nomial g(x) such that g(a’’)=0. Hence g{f(a’)} =0, i.e., a’ is algebraic.
This implies that 4 — K’ has no algebraic ideals other than zero, and thus

(21) Compare [9, Theorem 4.4].
() That is, with coefficients in &.
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we have proved:

THEOREM 6.1. Any algebra A contains a maximal algebraic ideal, the alge-
braic kernel K'(A) of A. The algebraic kernel of A —K'(A) s equal to 0.

Any nilpotent element of an algebra is algebraic. Hence we have:

CoOROLLARY. The maximal nil 1deal of an algebra is a subset of the alegbraic
kernel.

REMARK. It is not known whether or not the algebraic kernel contains
also all one-sided algebraic ideals of an algebra.

If M is a ®-module that lies in an algebra 4, over ®, then the algebra
{ M}, generated over ® by the elements of M coincides with the sum of all
powers of M, or in short: {M}q, = D2, M. The algebra {M}q, is apparently
finite if and only if the module M is finite and for some positive integer r the
relation { M }q) = >_r_, Miholds. This latter relation is clearly equivalent with

(19) MiC Y M i=12,-
=1
Another equivalent condition for the finiteness of { M}, is that all powers of
M should lie in a fixed finite $-module.
A subalgebra B of A4 is called locally finite (see [6]) if any finite ®-module
of B generates a finite (i.e., finite-dimensional) algebra. A locally finite alge-
bra is evidently algebraic. It is not known whether the converse is true (see

6.

LeEMMA 6.1. If R, and R, are locally finite right ideals of an algebra A, then
the sum R+ R, is also a locally finite right ideal.

Proof. We have to show that if M= [a;, as, - - -, ax] is a finite #-module
that lies in R,+ Re, then the algebra { M}, is finite. To this end put a;=b;+c;,
where b;ER;, ¢c;ER, and consider the modules M;= [by, - - -, bi] and M,
=[cy, - - -, cx]. Evidently MC M;+ M,. Consider the algebras { Mi}s=0Q1
and { M,}4=Q;. Since R, and R; are locally finite, it follows that Q; and Q,
are finite, and hence that also the modules P=0Q:+Q;, P1=010Q:, and P,
=(Q;Q: are finite. Since P;CR; and P;C Ry, it follows by the local finiteness
of Ry and R, that for some integer n we have {P.-}q,= Z;'_l P, i=1, 2. Since,
further, Q; and Q; are algebras, we have @} CQ; and Q;C Q, for every j. Hence
we have

(20) P"C 3 (Pi+ P+ X (Pis + PiQu); m=1,2,--; Py =P, = @.
i=1 =0

As the module on the right of (20) is finite, it follows that the algebra

{P}, is finite, and since MC P, we conclude that also the algebra { M} is



406 JAKOB LEVITZKI [May

finite. This completes the proof of the lemma.

LEMMA 6.2. The sum of all locally finite right ideals of an algebra A is a
locally finite right ideal.

Proof. It follows by induction that the sum of any finite number of locally
finite right ideals is also locally finite. If M is a finite ¢-module that lies in
the sum of all locally finite right ideals, then M is contained in the sum of a
finite number of these ideals. Hence { M}, is finite, q.e.d.

DEeFINITION 6.1. The sum K(A4) of all locally finite right ideals of an
algebra A4 is called the locally finite kernel of 4.

LeMMA 6.3. If R is a locally finite right ideal of an algebra A, then the ideal
AR+R 1s also locally finite.

Proof. By Lemma 6.1 it is sufficient to show that AR is locally finite. Now
consider a finite ®-module Q= [c;, - - -, ¢x] in AR. Then ¢;= Z;”;l aibij,
ai;€EA, b;ER. Put Qu=[ -, @i, - -+ ], Qe=[- -+, bs -+ - |, L=Q1Q,,
and M =Q,;0:. Since R is locally finite, M is a finite module and M CR, it
follows that for some integer r relations (19) must hold. Hence we have

(21) L”QZQlMiQm n=1y2v"';M0=¢.
=0

By (21) it follows that the algebra {L}¢ is finite, and since we have QCL,
we conclude that {(Q}s is finite also, q.e.d.

THEOREM 6.2. The locally finite kernel is the maximal locally finite ideal
of the algebra. Thas ideal contains all locally finite one-sided ideals of the algebra.

Proof. The proof follows immediately from Lemmas 6.2 and 6.3 in view of
the fact that analogous lemmas hold for left ideals also.

LeMMA 6.4. Let D be a locally finite ideal in an algebra A. If B is a sub-
algebra of A such that BDOD, and if the difference algebra B — D is locally finite,
then also B 1is locally finite(®).

Proof. Let M be a finite $-module, M CB. Since B—D is locally finite,
we have in view of (19) for some integer 7 the relation M1 C > ;_, Mi+D.
Hence if ¢1, ¢, « - -, ¢m is a ®-basis of the module M7+!, we may put c;=c}
+dj, wherec/ € > i, Mi,d;ED. Thusbysetting L=[---,dj, - - - ] weget

(22) M+ C Y Mi+ L
=1
Since D is locally finite, we have for some integer s the relation LiC > i_, L,

(%) This is Jacobson’s Theorem 15 [6]. The proof given here is more in line with the rest
of the section.
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j=1, 2, - - - ; successive left multiplication of (22) yields

MiC Y > ML, j=1,2,---:p+o=1.
p=0 0=0
This shows that the algebra { M}, is finite, q.e.d.
As a consequence of Lemma 6.4 we obtain:

THEOREM 6.3. If K 1s the locally finite kernel of an algebra A, then the
locally finite kernel of the difference algebra A —K 1is equal to 0.

CoROLLARY. The locally finite kernel K of an algebra A contains the maximal
semi-nilpotent(?t) ideal of the algebra. The difference algebra A —K has no
semi-nilpotent one-sided or two-sided ideals other than zero.

By [8] (or [13]) we know that any nil subring of a ring with finite index
or with a polynomial identity is locally finite. Hence we have:

THEOREM 6.4. If an algebra A has finite index, or if it satisfies polynomial
identity, then the locally finite kernel K of A contains all right and left nil ideals
of A. The algebra A —K has no one-sided nonzero nil-ideals.

The radical of an algebraic algebra is a nil ideal. Hence we have:

COROLLARY. If an algebraic algebra A has finite index, or if it satisfies a
polynomial identity, then the locally finite kernel K of A contains the radical of A,
and the algebra A — K 1is semi-simple.

7. Kurosch’s problem. The notion of the locally finite kernel, combined
with some of the structural results of the previous sections, leads to simplified,
purely algebraic proofs of Kaplansky’s results concerning the problem of
Kurosch(%).

LeEmMmA 7.1. A plain, finitely generated algebraic algebra A* that satisfies
a polynomaial identity is locally finite.

Proof. We have to show that 4 * coincides with its locally finite kernel K*.
Suppose, on the contrary, that 4 =4*— K*0. Then 4 satisfies the same
conditions as 4*, and in addition its locally finite kernel is equal to 0. In
view of Theorem 6.3, the required contradiction will be established if we
show that A contains a nonzero locally finite ideal. To this end denote by
g1, g3, * * +, gn the generators of A over the reference field ®, and consider
a primitive ideal P of 4. Since along with 4 also 4 — P satisfies a polynomial
identity, it is finite over its center (compare [8]), and on account of being

(%) For the definition and properties of the notion of semi-nilpotence compare [12]. For
nil algebras semi-nilpotence and local finiteness are equivalent notions.

(%) The problem of Kurosch has been formulated by Jacobson [6] as follows: Is any alge-
braic algebra locally finite?
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finitely generated over ®, it follows that A —P has a finite basis over ®.

Denote by by, bs, - -+, b, a basis over ® of 4 modulo P. Then we have
g = 2 abi+c5 GEP aE?,
(23) .
bibk = X i + cj; cix © P, aiji € &.

i=1

Any element a of A is a polynomial in the g's with coefficients in ®. Hence
if P* denotes the ideal generated in 4 by the finite set ¢;, j=1, - - -, n, cjx,
j k=1, .-, r, it follows by (23) that a= > 7, B:b;i+c¢c, cEP*, B;E®. In
particular, if aEP, we have 8;=0,7=1, - - -, n, or aEP*, i.e., P=P* Thus
P is a finitely generated ideal, which implies (e.g., by Theorem 5.5d) that
P has a unit. It follows therefore that 4 =B® P, B=~A4 — P, which shows
that 4 contains a nonzero locally finite ideal B. This is the required contradic-
tion.

THEOREM 7.1. Any algebraic algebra A that satisfies a polynomial identity
1s locally finite(?).

Proof. As in the proof of the preceding lemma, it suffices to show that if
the locally finite kernel of the algebra 4 is equal to 0, then also 4 =0. Indeed,
suppose that 4 #0, then by the corollary of Theorem 6.4 we know that 4
is semi-simple, and by Theorem 3.3 that 4 contains a matrix ideal M,. Now
M=B.,,, where B, is a total matrix ring of some finite degree m, over a
plain algebra B. By Lemma 7.1 we know that B is locally finite. Hence also
M, is locally finite, which is impossible since 4 has no nonzero locally finite
ideals (Theorem 6.3). This contradiction completes the proof.

THEOREM 7.2. Let A be an algebraic algebra, and suppose that: (1) Any
primitive image of A satisfies a polynomsial identity. (2) Any nil ideal of any
homomorphic image of A is locally finite. Then A is locally finite(??).

Proof. If K(A) is the locally finite kernel of 4, then by condition (2) it
follows in view of Theorem 6.3 that the algebra 4*=4 —K(A) is either
equal to 0 or semisimple. Since along with 4 also 4 * satisfies condition (1)
of the theorem, it follows by Theorem 3.5 in case 4*>0 that 4 * contains a
matrix ideal that satisfies a polynomial identity, which as in the proof of
Theorem 7.1 leads to a contradiction. Hence 4*=0, i.e., A =K(4), q.e.d.

(28) This is Kaplansky’s Theorem 6.1 [9].

(2) Condition (2) of this theorem seems to be indispensable also in Kaplansky’s proof of
the same theorem (compare [10, Theorem 10.3]). Indeed, in case p is a limit ordinal, the
quotient rings A/I, that appear in his proof may contain nil ideals of a rather general type.
However, this alteration does not affect the validity of his Theorems 10.4 and 10.5 which are
based on Theorem 10.3.
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One readily obtains the following:

CoROLLARY 1. If any primitive image of an algebraic algebra A with finite
index satisfies a polynomial identity, then A is locally finite.

As a consequence of Theorem 5.4 it follows that Corollary 1 may be
regarded as a special case of the following:

COROLLARY 2. If every primitive tmage of an algebraic algebra A, as well as
every nil ideal of any homomorphic image of A, satisfy polynomial identities,
then A 1is locally finate.
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